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Introduction
Let M i be a compact connected orientable 3-manifold with boundary, and A i an incompressible annulus on ∂ M i , i = 1, 2. Let h : A 1 → A 2 be a homeomorphism. The manifold M obtained by gluing M 1 
with genus g(S) = g(S 1 ) + g(S 2 ). So we always have g(M) g(M 1 ) + g(M 2 ).
Let K i be a knot in a closed 3-manifold N i , i = 1, 2, and (N, K ) the connected sum of pairs (N 1 shown in [5, 9] that for any integer n, there exist infinitely many pairs of knots
. Thus g(E(K )) g(E(K 1 )) + g(E(K 2 )). Note that g(E(K )) = t(K )
One of the main results in the present paper is that we describe a sufficient condition for the equality g(M) = g(M 1 ) + g(M 2 ) to hold as follows: 
As a direct consequence, we have Corollary 3. Let K i be a knot in a closed 3-manifold N i , i = 1, 2, and (N, 
(2) Moriah [8] showed a result related to Corollary 3 as follows. Given knots K 1 , K 2 in S 3 and K = K 1 #K 2 for which the tunnel number satisfies t(K ) = t(K 1 ) + t(K 2 ) + 1, there is a minimal genus Heegaard splitting of E(K ) which is weakly reducible.
The paper is organized as follows. In Section 2, we review some necessary preliminaries. We prove Theorem 1 in Section 3 and Theorem 2 in Section 4. All 3-manifolds in this paper are assumed to be compact and orientable.
Preliminaries
In this section, we will review some fundamental facts on surfaces in 3-manifolds. Definitions and terms which have not been defined are all standard, refer to, for example, [4] . 
Let M = V ∪ S W be a Heegaard splitting, α and β be two essential simple closed curves in S. The distance d(α, β) of α and β is the smallest integer n 0 such that there is a sequence of essential simple closed curves α = α 0 , α 1 , . . . , α n = β in S with α i−1 ∩ α i = ∅, for 1 i n. The distance of the Heegaard splitting V ∪ S W is defined to be d(S) = min {d(α, β), where α, β bound an essential disk in V , W , respectively}. d(S) was first defined by Hempel [3] .
A tunnel system for a knot K is a collection of pairwise disjoint simple arcs Γ = {γ 1 , . . . , γ t } properly embedded in E(K ) such that E(K ) − η(Γ ) is a handlebody. The tunnel number of K , denoted by t(K ), is the least number of arcs required in a tunnel system for K . A tunnel system Γ = {γ 1 , . . . , γ t } of a knot K gives rise to a Heegaard splitting for E(K ) with genus
A properly embedded surface S in a 3-manifold M is essential if it is incompressible and not ∂-parallel in M.
Let P be a properly embedded separating surface in a 3-manifold M which cuts M into two 3-manifolds M 1 and M 2 . We say that P is bicompressible if P has compressing disks in both M 1 and M 2 . P is strongly irreducible if it is bicompressible and each compressing disk in M 1 meets each compressing disk in M 2 . Now let P be a closed bicompressible surface in an irreducible 3-manifold M. Denote by P + and P − the resulting surfaces obtained by maximally compressing P in both sides of P and removing the possible 2-sphere components. Let H P 1 denote the closure of the region that lies between P and P + and similarly define H P 2 to denote the closure of the region that lies between P and P − . 
we can reconstruct the Heegaard splitting of M by an amalgamation process (see [17] ).
The following are some basic facts and results on Heegaard splittings. (
1) F is transverse to S and any component of S\N(F ) is incompressible in the respective submanifold of M\N(F ). (2) F is transverse to S and any component of S\N(F ) is incompressible in the respective submanifold of M\N(F ) except for exactly
one strongly irreducible component.
(3) F is almost transverse to S and any component of S\N(F ) is incompressible in the respective submanifold of M\N(F ).

Lemma 2.5. ([2,12]) Let V ∪ S W be a Heegaard splitting of M and F a properly embedded incompressible surface (maybe not connected) in M. Then any component of F is parallel to ∂ M or d(S) 2 − χ (F ).
Lemma 2.6. ([15]) Let P and Q be strongly irreducible connected closed separating surfaces in a 3-manifold M. Then either
(1) P and Q are well-separated, (2) P and Q are isotopic, or 
Lemma 2.8. ([13]) Let V be a non-trivial compression body and A be a collection of incompressible annuli properly embedded in V .
If U is a component of V
\A with U ∩ ∂ − V = ∅, then χ (U ∩ ∂ − V ) χ (U ∩ ∂ + V ).
The proof of Theorem 1
The following Lemma 3.1 was first proved in [7] . For readers' convenience, we sketch a proof here. 
Let M i be a compact connected orientable 3-manifold with boundary, and A i an incompressible annulus in a component 
Assume that S ∩ (F 2 × [0, 1]) has at least two components. We denote the bicompressible component by P and one of the incompressible components by P 2 . Then χ (P ) −2. By Lemma 2.1, P 2 is parallel to
since the incompressible and ∂-incompressible surface is just spanning annulus in a trivial compression body. Then
Let P V be the surface obtained by maximally compressing P in V and removing all the possible 2-sphere components.
Since any compressing disk of P is a compressing disk of S and S is strongly irreducible in So at least one component of P
Suppose case (2) happens. Then by Lemma 2.1, each component of
The bicompressible component of S ∩ M 1 is still denoted by P . P is strongly irreducible in M 1 . If there exists an in- 
χ (P ). Since d(Ŝ) 2, by Lemma 2.7,Ŝ is not isotopic to the unique minimal Heegaard surface S
and S 1 is a Heegaard surface of M 1 , S and S 1 are not well-separated, furthermore, S is not isotopic to S 1 . Then by Lemma 2.6, }. Denote the component of (F 2 \A 2 )\β which doesn't contain ∂ A 2 by F * . By collapsing F * × {t} to a point for any t ∈ I , we change the 3-manifold M to a new 3-manifold M and the Heegaard surface S of M to a Heegaard surface S of M . Since S is strongly irreducible, S is strongly irreducible with g(S ) g(M 1 ) + 1. Then by Lemma 2.6,
Now we consider the case that V ∪ S W is weakly reducible. 
. By a result of Schultens [16] , g(M) = g(M 1 )+ g(F 2 ), and the equality holds if and only if g( This completes the proof of Lemma 3.2. 2
Now we come to the proof of Theorem 1.
First assume that V ∪ S W is strongly irreducible. By Lemma 2.2, we may assume S ∩ A is a collection of essential simple closed curves on both S and A, and |S ∩ A| is minimal. By Lemma 2.4, we may further assume that S ∩ M 2 is bicompressible while
Denote the bicompressible component of S ∩ M 2 by P . By similar arguments to the proof of Lemma 3.2, and by Lemma 3.1, we can get a Heegaard surfaceS for M 2 
with d(S) 2 and g(S)
Now assume that V ∪ S W is weakly reducible. V ∪ S W has an untelescoping as Proof of Claim 1. Suppose there exist two components
W i is the Heegaard splitting in the untelescoping between them. Let S
We now divide it into the following three cases to discuss. 
Since V j ∪ S j W j is strongly irreducible, by Lemma 2.4, only one component, say P , of S j \A is bicompressible in N\ A, and all other components of S j \A are incompressible in N\ A. P is strongly irreducible.
, then any other component of S 2 j is incompressible in M 2 . By a similar argument as above and Lemma 3.1, 
By Lemma 2.4, there is only one component P of S r \A which is bicompressible in N \A, and all other components of S r \A are incompressible in N \A. Clearly, P is strongly irreducible.
First assume P ⊂ S 
The proof of Theorem 2
In this section, we give the proof of Theorem 2. (1) When g(F i ) 2, for i = 1, 2, since g( 
Proof of Theorem 2. Since d(S i
)F 3 ) = g(F 1 ) + g(F 2 ) − 1 > g(F 1 ), g(F 2 ),
